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ELONGATION FLOW OF A VISCOELASTIC JET
UNDER CONDITIONS OF EXTERNAL FRICTION

Y. M. Shapovalov UDC 678.027:532.522

The problem of a stationary longitudinal flow of a free viscoelastic jet under conditions of friction of its
surface is formulated and solved.

Among all operations of the technological process of producing films, orientational elongation is one of the
most critical, to a large extent determining the quality and properties of the films.

As a technological example of the problem of a longitudinal flow under conditions of external friction we
consider the process of orientation on a machine of traditional type that consists of low- and high-speed groups of
thermostated rolls [1). It is found experimentally that orientational elongation takes place not only in the gap
between the rolls but also on the surface of the rolls, thus generating slipping not equal in value on different parts
around the circle of the roll [2]. Friction effects in roll elongation are very important because they may cause
instability of "stick-slip” type, which to a large extent prevents transition to thin films, for which operation in the
mode of irregular slipping is destructive.

In spite of this fact, at present there is no detailed analysis of the physical laws governing the flow, except
for uniaxial elongation of a free jet [3]. The first step is to obtain stationary solutions. In the present paper, an
analytical solution of the stationary problem is obtained and analyzed with a number of simplifying assumptions.

A schematic diagram of a machine for orientational elongation is given in Fig. 1 [4]. A film 1 that enters
the machine at a linear velocity vjg is held by pressing rolls 2 from possible slipping and then passes over the
surface of rotating rolls 3, where it is heated in the first zone of preliminary heating. Then the film reaches orienting
rolls 4, where it is additionally heated by an IR heater 5. The film is elongated in the gap between the two rolls 4
due to the fact that the circumferential velocity v3. of the take-off rolls is higher than v;g. On rolls 6 the film is
uniformly cooled and it is transported from the machine by pressing rolls 2.

1. Problem Formulation. By the character of motion the region of film residence in the machine is
conventionally divided into three zones. The distribution of the velocity v, tension T, and temperature T_ of the
film over the zones is shown in Fig. 1. Lines 7 and 8 indicate the circumferential velocities of the heating and cooling
rolls, respectively. The tension along the length of the zone of orientation II is constant. The film temperature
T. increases uniformly up to the zone of orientation and then decreases on the cooling rolls. In the subsequent
analysis the value of the temperature within each zone is taken to be constant (dashed lines in Fig. 1).

The following assumptions are adoptied. The physical properties of the polymer and the parameters of the
rheological model correspond to the mean temperature and remain constant within each zone. The film width does
not change. The tensile stresses are uniform across the cross section. The forces of inertia, aerodynamic friction,
intrinsic weight, and centrifugal forces are much smaller than the forces of rheological resistance. Orienting rolls
4 rotate without friction. Elongation of the film in the gaps between the pressing and heating, (cooling) rolls is
neglected. Film friction along the surface of the rolls is described by Amonton’s law. Due to the low thermal
conductivity of polymers we take the temperature of the contacting surface of the film equal to the temperature of
the roll, in accordance with which we adopt the coefficient of friction. Thermal effects (dissipative self-heating,
crystallization, heating due to friction) are disregarded. At the junctions of the zones conditions of constant
thickness, axial velocity, and tensile stresses are satisfied. The radius of the rolls greatly exceeds the thickness of
the film, R >>J, and therefore its curvature is neglected.
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Fig. 1. Schematic diagram of plane film preparation and distribution of the
axial velocity v, tension T, and temperature T—: 1) isotropic film, 2) pressing
rolls, 3) slowly rotating heating rolls, 4) orienting rolls, 5) heater, 6) high-
speed rotating cooling rolls, 7) circumferential velocity of the heating rolls, 8)
circumferential velocity of the cooling rolls.

For the process of orientational deformation to be rather effective, the time of material relaxation should
be close to the time of elongation. Therefore, the viscoelastic properties of the polymer are taken into account.
\ We consider the general case of an isothermal elongation flow of a plane jet. For any of the three zones
the rheological equation of the material is

The deviator stresses obey the equation (the Maxwell model) [5]

Dz,
The case of the upper convective derivative
Doy ooy, oy vy 3)
Dt at €ox, ¢ odx, ©ox,

is considered.

The flow is steady-state (description of motion according to Euler). In all three zones so-called quasi-one-
dimensional flow takes place [3]. Friction forces affecting the film from the side of the roll do not cause considerable
shear deformations: 13v;/dx;|l << 13v;/ax;1, 1751 << Iz, i # j. The case of considerable shear deformations in a
plane jet elongated on the surface of a roll is considered in [6]. The diagonal components of the tensor of
deformation velocities are dy; = dv/dx, d3; = 0, d33 = —dv/dx. Here x is the longitudinal coordinate, coinciding
with the trajectory of the film; v is the axial velocity.

With account for the condition o33 = 0 we have from (1) p = 733, 911 = 711 — 733, 022 = 722 — 133. For the
mode of a steady-state flow 8/dt = 0, Eq. (2) with account for (3) decomposes to the three equalities

Ty +4 vatu+vatu+vatu—21 m= idd}
1 Vox, ~ "2 axy 73 oxg 11 5%, ax;
6722 6122 6‘[22 6V2 sz
'[22 + l (Vl ax1 + V2 axz + V3 ax3 - 2T22 a—xz = a_xz Py

330



+1 aT + 8‘[ 61’ 33 _9 6V3 0V3
f33 1%, T V2 7ox, L vs ax3  3Boxy| = “Moxy

Substracting the third equation from the first equation, we obtain for the longitudinal stress

60' aau 6011 av aV3 avl 6V3
au+l Vlal+V232+V3ax 2Tlla +2T336x =4 {5 T a.

dx;  9x3

With account for the uniformity of the axial stresses over the thickness and width of the film oy /dx; =
011/0x3 = 0, the continuity condition dv;/dx; = —dv3/dx3, and the relation 7;; = 01; + 733 and assuming loy; 1
>> 21733}, in final form we have for the axial tensile stress o7; in any of the three zones

60 avl

The distribution of film tension along the arc of its contact with the rolls in zones I and III can be found
by the Euler approach [7). For the first zone, the equilibrium of a film element of length Rdy on the surface of
the heating roll is described by the equations

Ty Rbdp =dT, Z,Rb=T, 15 =/ %,
p=0:T =Tp; p=@e: Tj =T
Similarly, for zone III
Tn3Rbdp = —dT3, Z3Rb=T;, 153=1[323,
p=0:T3=Te; p=¢: T3=T3. )
The solution of these problems has the form
T, = Tgexp (fip)» T3 =T,exp(— fap). 6)

According to (6), heating 3 and cooling 6 rolls "unload" pressing rolls 2, thus reducing the pull force on them.
With account for Egs. (4), (6), the distributions of the tension T, axial velocity v;, film thickness d;, and
tensile stresses o) in the first zone are described by the system of equations

Tl = Tlo €xp (fl(P) y Tl = wlal N wlvl = Q,

)

p=0: T =Ty, vy =V, 6, =061, 0y =0y,
Pp=pc: T =Ty, V=V, O] =0, 0] =0.

Here the second expression determines the pull force; the third — the condition of constancy of the flow rate.
Ry is used as the longitudinal coordinate.

In the second zone the pull force is constant along the length of the orientation section, and the problem
is described by the equations

Tie = T, = bdy0p = const, bo,v, = Q,
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x=0:Ty=T, V3=V, 3=0},, 03 =0,
x=1: T2=Tle’ V2 = Ve, 62=62e, O = 024 .
The problem of flow in the third zone is similar to the first (7) and is presented as

T3 =T exp (= f3p), T3 =303, b3 =0,

¢=O: T3=T1e’ V3 = Vo, 63=6207 O3 = 0% s

)]
P=¢e: T3=Tz,, v3=voK, 83 =08(y/K, 03 =03,.

2. Solution of the Problems. We introduce dimensionless variables and parameters (the scales are taken at
the initial cross section):

_ 23} = = _T.{‘_'“} X on
Tras) =g KT vl:’ Tefras) =7 = X=7 4= R,
(10)

A Y
_mR _n3 R Ld B _ Ao
Nz = —ﬂ_l_l N N3 = " , We{l'3} = R y wez = 7 -

With account for (10) the solution of problems (7)-(9) has the form:
1) flow in the first zone (0 S ¢ < pe, 1| < V] < Vi)

exp(fip) =Z, + Af; [1 — Z, (1 + We, 1V In(Z,/V)],
Z, = (1 + We fyV1)/(1 + Weyf)), Ty = exp (/i) ;
2) flow in the zone of orientation (0 < X < 1, Vi, < V3 < Vp,)
X = (ANy/T 1) In (Vy/ V1) + Wey (Va2 = V) s

T4z = T4y = €xp (fipe) = const;
3) flow on the cooling rolls (0 < ¢ < ¢, V3¢ < V3 < K)

exp (— f3p) = Z3 — (AN3f3/T 1) 1 — Z3 — (1 — Wesf3V3) In | Z3V,,/ V3] 1,

(11)
Ty3="Ty1c€Xp (= f3p), Z3=(1 — WesfyV3)/(1 — WesfsV5,),

where Vie=V] (p =@e), Voe = Va2 (X =1), K=V3, = V3 (p = ).

The distributions of the velocities Vi (p), V2(X), V3(p) and the velocity at the junctions of the zones Vi,
Vae, V3¢ were found by the Newton iteration method. The constant A characterizes the initial tensile stress o1¢ and
is unambiguously related to the take-off velocity (the elongation ratio).

3. Numerical Analysis. An analysis of the mathematical model of a stationary flow is made for the case of
orientational elongation of a polyethylene film (low-density polyethylene). The following values of the parameters
were used: 4] = 10 sec, n; = 10® Pa-sec, f1=0.6, R=0.2 m, ¢, = 6 rad (R and ¢, for the cooling and heating rolls
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Fig. 2. Distribution of the dimensionless velocity V and pull force T4 on the
heating rolls (section I), in the zone of orientation (II), and on the cooling
rolls (III) for We; = 5, Wep = 1: 1) Wez =0.1, 2) 04761, 3) 1,4 1,5 S =
1,6) S=-1.

are identical), 13 = 1 sec, 2 = 10° Pa-sec, I=0.1 m, vio = 0.1 m/sec, 13 ~1 sec, 3 = 107 Pa-sec, f3=0.3,K=17,
We; =5, Wez =1, A=60-180, N2 =0.2, N3 = 10.

Figure 2 shows the distribution of the dimensionless velocity V and pull force 74 along the length of the
film in all three zones of flow. The effect of the dimensionless relaxation time We3z (the Weissenberg number) on
the flow in zone III is illustrated: We3 = 0.1 (4 = 86.148) corresponds to curve 1, We3 = 0.4761 (A = 76.318) to
curve 2, Wez = 1 (A = 60.874) to curve 3, Wez =1 (4 = 179.814) to curve 4. The values of the parameter A (in
parentheses) provide an assigned elongation ratio X = 7. The dashed lines show the distribution of T',: curve §
corresponds to first three cases (see the data for curves 1-3) and curve 6 to the fourth case (see the data for curve
4). Curves 4 and 6 will be discussed in what follows.

An analysis of the flow parameters in the first two zones showed that the character of the distribution of
V1, V2, T4+1 does not change. The degree of elongation on the heating rolls decreases (V| becomes smaller) with
decrease in We; and increase in f;. A decrease in We; facilitates growth of the degree of film elongation in the
zone of orientation.

A more complex flow pattern occurs in zone III. To explain the specific features of the flow on the cooling
rolls, on the basis of (9) and (10) we write a differential equation for the axial velocity:

dv, Ti1eV35+

= , S, = (1 — Wesf3Vs). (12)
dv, W63V3T+le + AN3 cXp USP) + ( esfs 3)

Equation (12) has the following special feature of the solution: if ¢ = 0, dV3/dp = 0, then V3 = K = const. In the
general case the axial velocity in zone III can grow monotonically (dV3/dp > 0), decrease (dV3/dy < 0), or
maintain a constant value. Here sgn (dV3/dp) = sgn (S,), since the function V3(p) has no extremuma inside the
flow zone.

The character of the distribution of V3 depends on the sign of the function S, ; we can distinguish four
flow modes.

1. The time of film residence on the rolls exceeds the time of relaxation, and the condition S; > 0 is
satisfied. The velocity of the film on cooling rolls 6 increases monotonically, reaching the velocity of take-off rolls
2 at the end of the flow zone (see Fig. 1). Effective sliding of the film along the surface of the rolls takes place
(curve 1 in Fig. 2). For a Newtonian fluid We3 =0, V3. < K always holds, and the distribution of the axial velocity
is described by the expression

{1—exp(—f3p)1 / [1—exp(—f3p¢)]
V3 = Ve (K/Vpe) fs0) REL
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2. Having increased the time of relaxation, for example, by reducing the temperature of the cooling rolls,
we can obtain fulfillment of the condition S, = 0. Deformations in the film stop: its axial velocity is equal to the
take-off velocity (curve 2 in Fig. 2). If the circumferential velocities of the cooling rolls are equal to the take-off
velocity, then the film seemingly "sticks" to the surface of the rolls.

3. With a further increase in the time of relaxation of the material in zone III (or with a reduction in the
residence time) we can achieve fulfillment of the condition S, < 0. The axial velocity decreases (curve 3 in Fig.
2), which is associated with elastic recovery (shrinkage) of the film after its elongation. Elastic energy, which is
accumulated in the material from the instant of the start of deformation to the instant of contact with the first
cooling roll, is released. However, to realize this flow the cooling rolls, equipped with individual drives, should have
a circumferential velocity exceeding the axial velocity of the film at the end of the second zone vy, or equal to it
(here vy, > v;q ~K). From the technological point of view this mode is undesirable since the orientation of the
chains in the polymer decreases.

It is important to note that in all three modes relaxation of stresses takes place, and the distribution of the
pull force (curve 5 in Fig. 2) is described by the function T, 3 = T4y, €xp (—f3p).

The case where the circumferential velocity of the cooling rolls is equal to the take-off velocity is considered.
Consequently, the distribution of the axial velocity in the third mode (curve 3 in Fig. 2) contradicts the physical
essence of the problem: the film velocity cannot exceed the take-off velocity. The inadequacy of the mathematical
model of zone III is caused by the inaccuracy of the notation of Amonton’s law in the formulation of the third
problem (5): the form used does not allow for the direction of the velocity of slipping. Therefore, it is more correct
to write Amonton’s law for the third problem in the form

TN3=f323S, S=Sgn [Vse_V3(¢)]. (13)

In the first zone the condition S = 1 is always satisfied, and therefore problem (7) does not require
refinement.
With account for (13) the solution of problems (5), (9) has the form

O<p=<gp,, Voe=sV;=K,
exp (= f35p) = Z3 = (SAN3f3/T,yp) (1 — Z3 — (1 — Wegf3V3) In |23V, / V3| 1, (14

By virtue of the mentioned property of Eq. (12), the initial value S = sgn [S4+(V3e) ], which is retained
along the entire length of zone III, can be used as S.

4. Solution (14) for S = —1 describes the fourth mode of the flow in zone III, and for S = 1 the third mode.
Results of an analysis of Eqs. (14) are presented in Fig. 2 (curves 4 and 6). The character of the distribution of
the axial velocity and the pull force changes considerably in this mode: the region of intense deformations shifts
from the zone of orientation II to the pressing rolls, and the film tension increases exponentially, S = —1, T, 3 =
T+1e exp (fzp) (curve 6 in Fig. 2), reaching the highest value near the pressing rolls, which literally "peel off” the
film from the cooling rolls. If we take into account the friction of rest, then the tension jump will be more substantial.
With identity of the Weissenberg number for curves 3 and 4 the initial stress o;¢ decreases in transition from the
third to the fourth mode because the parameter A increases.

In transition from the second to the fourth mode the pull force at the pressing rolls experiences a jumpwise
change from T exp (—f3pe) 10 T+1e €xP (f3pe), which under real conditions should cause rupture of the film at
the pressing rolls or onset of self-oscillations in the system. Even if rupture does not take place, the film obtained
in the fourth mode will have low physicomechanical characteristics since elongation occurs at a lowered temperature.

Thus, the second mode (S = 0) can be considered as a boundary mode. It separates two qualitatively
different stationary flows of a plane viscoelastic jet: subcritical (the first mode S = 1) and postcritical (the fourth
mode S = —1). The first mode, in which the elastic properties of the material of the film manifest themselves
slightly, is technologically acceptable. The second mode (critical) is rather unstable to small perturbations, for
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example, of the thickness, velocity, tension, etc. In this case a jumpwise transition to the fourth mode with sub-
sequent rupture of the film is probable.

In dimensional form the condition of flow in the first mode can be written as A3Kv¢f3/R < 1. Hence it
follows that in order to provide stable elongation of the film (or transition to a stable mode) the temperature of the
cooling rolls can be increased (reduction of 13), the efficiency can be decreased (reduction of v;g and K), the
coefficient of friction can be reduced, and the radius of the cooling rolls can be increased.

The phenomena associated with instability of the process of orientational elongation are caused by
nonlinear effects of the flow on the cooling rolls. The prerequisites for onset of self-oscillations in the system are:
a small amplitude of disturbances sufficient for jumpwise transition from the second mode to the fourth and back;
a considerable change in the pull force accompanying this transition; finite "rigidity” of the drive of pressing rolls
2 (see Fig. 1). By "rigidity” we mean the ability of the pressing rolls to preserve the take-off velocity with a change
in the film tension.

The mechanism of onset of self-oscillations is the following. Let a flow corresponding to the second mode
be organized. We assume that the take-off velocity v3. increased slightly. The flow passes over to the fourth mode.
The film tension at the pressing take-off rolls increases sharply, thus causing, due to the finite "rigidity” of the
drive, a decrease in the take-off velocity. The take-off velocity decreases to the level corresponding to the second
mode of the flow. Here a reciprocal transition from the fourth to the second mode takes place, which is accompanied
by a jumpwise decrease in the pull force T3.. The decrease in the load on the pressing rolls due to the finite "rigidity"
of the drive increases the take-off velocity, and thus conditions for a "jump” of the flow from the second to the
fourth mode etc. are produced repeatedly. The frequency of the self-oscillations is determined by the ratio of the
longitudinal "elasticity” of the film and the moment of inertia of the pressing rolls with the drive. Probably, precisely
this is the mechanism of the "stick-slip” instability noted in [2].

The author expresses his gratitude to Professors S. V. Vlasov and V. N. Kuleznev at the Moscow State
Academy of Fine Chemical Technology, who gave attention to the problem.

NOTATION

oy, components of the stress tensor; p, isotropic pressure; d;;, Kronecker symbol; 7;;, deviator components
of the stress; T, temperature; d;;, deviator part of the tensor of deformation rates; 7, coefficient of shear viscosity;
A, time of relaxation; #;, 772, 713, coefficients of shear viscosity for zones I, II, III; 4y, A2, 43, time of relaxation for
zones 1, 11, III; D/ Dt, convective derivative according to Oldroyd; T}, T, T3, film tension in zones I, II, III; T,
T3¢, T3¢, Same, at the end of zones I, 11, III; Ty, T3, shear stresses caused by film friction against the surface of
the heating and cooling rolls, respectively; X, X3, normal pressures from the side of the film on the roll; T ¢, initial
tension of the film at the pressing rolls (see Fig. 1); b, thickness of the film; v| (p), ¥2(x), v3(p), axial velocity in
zones I, 11, III; v, ¥2e, V3e, Same, at the end of zones I, II, III; v;p, axial velocity at the inlet to the first zone;
S1(p), 62(x), 83(p), thickness of the film in zones I, II, III; 8¢, O2¢, O3, Same, at the end of zones I, II, III; oy,
initial thickness of the film; o, (p), 02(x)}, o3(p), tensile stresses in zones I, II, III; o}, 02¢, 03¢, Same, at the end
of zones I, II, I1I; oy, tensile stress at the inlet to the first zone; g, total angle of contact of all rolls (heating or
cooling) ; ¢, angle reckoned from the line of contact of the film with the roll surface; R, radius of the rolls; fi, f3,
coefficients of sliding friction of the film on the heating and cooling rolls; Q, bulk flow rate of the polymer; x,
longitudinal coordinate reckoned from the line of descent of the film from the last heating roll; /, length of the zone
of orientational elongation; V) 2 3}, dimensionless velocity in zones I, II, III; K, "machine” ratio of elongation;
T+{1,2,3), dimensionless pull force in zones I, II, III; T4y 2 3)e, dimensionless pull force at the end of zones I, 1I,
IIl; X, dimensionless longitudinal coordinate in the zone of orientation; A, N2, N3, dimensionless parameters;
Weq1,2,3}, Weissenberg number for zones I, II, III; Vi, dimensionless velocity at the end of zone I; V2, same, at
the end of zone II; V3., same, at the end of zone III. Subscripts: i, j=1, 2, 3: 1 corresponds to the unit vector of
the tangent to the axis of the film, 2 to the unit vector of the binormal, 3 to the unit vector of the normal; e
corresponds to the variable at the end of the zone of the flow. Numerical indices of variables and parameters indicate
the number of the zone of the flow (of the problem).
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